The secular thickening of a self-gravitating stellar galactic disc is investigated using the dressed collisionless Fokker-Planck equation and the inhomogeneous multi-component Balescu-Lenard equation. The thick WKB limits for the diffusion fluxes are found using the epicyclic approximation, while assuming that only radially tightly wound transient spirals are sustained by the disc. This yields simple quadratures for the drift and diffusion coefficients, providing a clear understanding of the positions of maximum vertical orbital diffusion within the disc, induced by fluctuations either external or due to the finite number of particles. These thick limits also offer a consistent derivation of a thick disc Toomre parameter, which is shown to be exponentially boosted by the ratio of the vertical to radial scale heights.
INTRODUCTION
The problem of explaining the origin of thick discs in our Galaxy and in external galaxies has been with us for some time (e.g., Gilmore & Reid 1983; Freeman 1987) . Its interest has been revived recently in the context of galactic archeology as probed by the upcoming result of the GAIA mission. Star formation typically occurs on circular orbits within such disc, so that young stars should form a very thin disc (Wielen 1977) . On the other hand, chemo-kinematic observations of old stars within our Milky Way (Gilmore & Reid 1983; Jurić et al. 2008; Ivezić et al. 2008; Bovy et al. 2012) , or in other galactic discs (Yoachim & Dalcanton 2006) have shown that thick components are very common. The formation of thickened stellar discs yet remains a puzzle for galactic formation theory. Various physical processes, either internal or external, have been proposed as possible drivers ⋆ Hubble Fellow. of this observed thickening, but their respective impacts are still unclear. Violent major events could be at the origin of the extended distribution of stars in disc galaxies. These could be due to the accretion of galaxy satellites (Meza et al. 2005; Abadi et al. 2003) , major mergers of gas-rich systems (Brook et al. 2004) , or gravitational instabilities in gas-rich turbulent clumpy discs (Noguchi 1998; Bournaud et al. 2009 ). While mergers do have a strong impact on galactic structures, these extreme events may not be required to create a thickened stellar disc, which could originate from the continuous heating of a preexisting thin disc. Numerous smooth evolution mechanisms have then been investigated. Galactic discs could be thickened as a result of galactic infall of cosmic origin leading to multiple minor mergers (Toth & Ostriker 1992; Quinn et al. 1993; Villalobos & Helmi 2008; Di Matteo et al. 2011) , and evidence for such events has been found in the phase-space structure of the Milky Way (e.g., Purcell et al. 2011) . Spiral density waves (Sellwood & Carlberg 1984; Minchev & Quillen 2006; Monari et al. 2016 ) are also c 0000 RAS possible candidates for increasing the velocity dispersion within the disc, which can then be converted into vertical motion through the deflection from giant molecular clouds (GMCs) (Spitzer & Schwarzschild 1953; Hänninen & Flynn 2002) . Radial migration (Lynden-Bell & Kalnajs 1972; Sellwood & Binney 2002) , the change of angular momentum of a star with no increase in its radial energy, is also believed to be an important mechanism for the secular evolution of galactic discs. This migration may be induced by spiral-bar coupling (Minchev & Famaey 2010) , transient spiral structures (Barbanis & Woltjer 1967; Carlberg & Sellwood 1985; Sellwood & Binney 2002; Solway et al. 2012) , or even perturbations by minor mergers (Quillen et al. 2009; Bird et al. 2012) . Schönrich & Binney (2009a,b) used an analytical model of radial migration to investigate in detail the impact of radial migration on the vertical heating of the disc and recovered the main characteristics of the Milky Way thick and thin discs. Recent N −body simulations also focused on the role played by radial migration (e.g., Haywood 2008; Loebman et al. 2011; Minchev et al. 2014) , but the efficiency of this thickening mechanism was recently shown as limited (Minchev et al. 2012) . Finally, large numerical simulations are now in a position to investigate such processes consistently in a cosmological context (Minchev et al. 2015; Grand et al. 2016) , and the developments of these global approaches are expected to offer new clues on the interplay between these various competing thickening mechanisms. All these investigations can be broadly categorised as relying on either an internal (nature), or external (nurture) origin to trigger the orbital restructuration of the disc. Defining the frameworks in which to address either processes is the purpose of the present paper.
The seminal paper of Binney & Lacey (1988) addressed the origin of the thick disc using an orbit-averaged Fokker-Planck formalism in angle-action. Yet, it fell short of accounting for the selfgravity of the disc, which was shown recently (Fouvry et al. 2015c) to play a very significant role in boosting the amplitude of the diffusion coefficient for razor-thin discs via successive sequences of spiral waves. It is therefore of interest to try and estimate which orbits are involved in that regime, whether the boost remains significant for thickened discs and if the corresponding secular orbital distortion can account for the observed vertical heating.
Indeed, in such discs made of a finite number of stars and giant molecular clouds (GMCs), fluctuations in the potential alone induced by discrete (possibly distant) encounters may be strongly amplified. Resonances will tend to confine and localise the dissipation of these fluctuations, which can then lead to a spontaneous thickening of discs. Quantifying the relative importance of this intrinsically driven evolution w.r.t. that driven by the environment is timely, as the cosmological environment of self-gravitating discs is now firmly established in the context of the ΛCDM paradigm. While N −body simulations offer a flexible and powerful framework in which to Monte-Carlo these processes (e.g., Minchev et al. 2013) , the effect of the disc's intrinsic fluctuations and susceptibility can also be addressed in the context of kinetic theory, which captures discrete resonant interactions over secular timescales.
The kinetic theory of stellar systems was initiated by Jeans (1929) and Chandrasekhar (1942) for elliptical galaxies and globular clusters. In these works, spatial inhomogeneity was taken into account in the advection term (Vlasov) but the collisional term was calculated by making a local approximation as if the system were homogeneous. Furthermore, collective effects were neglected. In plasma physics, where the system is homogeneous, Balescu (1960) and Lenard (1960) developed a rigorous kinetic theory, taking collective effects into account, and obtained a kinetic equation which accounts for the system's susceptibility and for Debye shielding. More recently, in the context of stellar dynamics, Heyvaerts (2010) ; Chavanis (2012) derived the inhomogeneous Balescu-Lenard equation, a kinetic equation written in angle-action variables that describes spatially inhomogeneous multi-periodic systems and takes collective effects into account. This BalescuLenard equation accounts for the self-driven orbital diffusion of a self-gravitating system induced by its intrinsic shot noise due to discreteness and the corresponding long-range correlations. The inhomogeneous Balescu-Lenard equation has recently been implemented by Fouvry et al. (2015b,c) in 2D for razor-thin discs.
In this paper we intend to account for the system's self-gravity while writing down two diffusion equations in the context of tepid galactic discs of finite thickness. The first one considers the system as collisionless and focuses on a forcing induced by external perturbations, while the second one assumes the system to be isolated and collisional and focuses on the role played by the system's intrinsic discreteness. Both diffusion processes should be considered since it is not known a priori which is most effective at restructuring the orbital distribution of galaxies, i.e. what are the respective roles of nurture (cosmic environment) vs. nature (system's internal properties) in the secular establishment of the observed properties of these systems. Following Fouvry et al. (2015d) (hereafter FPP15) and Fouvry et al. (2015b) (hereafter FPC15) , and relying on the epicyclic approximation, we will for simplicity seek the thick WKB limit of these two diffusion equations while assuming that only radially tightly wound transient spirals are sustained by the disc. We will aim for simple double quadratures for the associated diffusion fluxes, in order to provide a straightforward understanding of the positions of maximum diffusion within the disc. In this cool regime, the self-gravity of the disc can be tracked down radially via a local WKB-like response, while the vertical degree of motion can be partially decoupled. This, in turn, allows us to simplify the a priori 3D formalism to an effective (non-degenerate) 1D formalism. Illustrations of these formalisms will be presented in the context of a shot noise perturbed tepid Toomre-stable tapered thick disc. We will underline how they recover the formation of vertical ridges of resonant orbits towards larger vertical actions, hence larger heights and vertical velocity dispersions. Such diffusion processes may capture either the environmentally driven thickening of galactic discs on secular timescales, or the thickening induced by the system's intrinsic graininess. Our qualitative predictions will be compared to the numerical experiments from Solway et al. (2012) and the intrinsic limitations of the WKB assumptions will be discussed in details.
The paper is organised as follows. Section 2 briefly presents two diffusion equations: the secular collisionless diffusion equation and the collisional Balescu-Lenard equation. Section 3 focuses on thick axisymmetric galactic discs within the WKB approximation. Section 4 applies these formalisms to the formation of vertical resonant ridges first in an isolated thick self-gravitating Mestel disc driven by its own discreteness, and then in such a disc subject to recurrent decelerating bars or to the joint secular evolution of a population of GMCs. Section 5 wraps up.
SECULAR DIFFUSION
There are two main channels through which a secular evolution of a stable quasi-stationary self-gravitating system can be induced. The system may either be perturbed by its stochastic environment or by its own intrinsic graininess. The first scenario is captured by the secular collisionless diffusion equation and is presented in section 2.1, while the second is captured by the inhomogeneous Balescu-Lenard equation and is presented in section 2.2. Such a dichotomy is essential to capture the respective roles of nature and nurture in the secular evolution of these systems. We will now briefly describe these two diffusion formalisms.
Secular collisionless forcing
Let us consider a collisionless self-gravitating system. Let us further assume that the gravitational background ψ0, associated with the Hamiltonian H0, is stationary and integrable 1 , so that one may always remap the physical coordinates (x, v) to the angle-action coordinates (θ, J) (Goldstein 1950; Born 1960; Binney & Tremaine 2008) . Along the unperturbed motions, the actions J are conserved, while the angles θ are 2π−periodic. One can then introduce the intrinsic frequencies of the system Ω as
Since the collisionless system is assumed to be in a quasistationary state, it can be described by a distribution function (DF) F (J, t), which depends only on the actions, with the normalisation convention dxdvF = Mtot, where Mtot is the total active mass of the system. When perturbed by an external stochastic source of perturbations, such a system may diffuse on secular timescales (Weinberg 2001; Pichon & Aubert 2006; Fouvry et al. 2015d ) via an anisotropic diffusion equation of the form
where the index m ∈ Z d corresponds to the Fourier coefficients associated with the Fourier transform w.r.t. the angles θ. See FPP15 for a derivation of the secular collisionless diffusion equation (2). Here d is the dimension of the physical space, i.e. d = 3 for a thick disc. In equation (2), the diffusion coefficients Dm(J) are given by
In equation (3), the response matrix M and the cross-power spectra of the external perturbations C are functions of ω which should be evaluated at the resonant frequency m·Ω. Here I stands for the identity matrix. Equation (3) for the diffusion coefficients involves potential basis elements ψ (p) , which are introduced following Kalnajs matrix method (Kalnajs 1976) . Indeed, to solve the non-local Poisson's equation, one introduces a biorthonormal basis of potentials and densities ψ (p) (x) and ρ (p) (x) such that
In order to account for the system's self-gravity, i.e. its ability to amplify perturbations, equation (3) involves the system's response matrix M, which reads
1 We note that in the thickened geometry, integrability is not warranted by symmetry anymore, so that we are effectively assuming that the disc is thin enough so that it can be approximated to be integrable; see Weinberg (2015) for a discussion.
where one should note the specific role played by the pole at the intrinsic frequency ω = m·Ω. In the expressions (3) and (5), ψ (p) m (J) corresponds to the Fourier transform in angles of the basis elements
It then finally remains to specify how one should compute C, the autocorrelation of the external perturbations. We assume that the system is stochastically perturbed by an external potential ψ e (x, t). Using the basis elements ψ (p) , it may be decomposed as
If we assume that the ensemble average ( · ) of these perturbations is stationary in time, one can define their temporal autocorrelation matrix C as
In frequency space, using the convention f (ω) = dt f (t) e iωt , it can equivalently be written as
where one recovers the autocorrelation matrix C which enters in the expression (3) of the diffusion coefficients. To emphasise the conservation of the total number of stars, one may finally introduce the total collisionless flux density F tot as
so that equation (2) takes the shortened form
While formally simple, equations (2) and (3) capture a wealth of non-linear physical processes: the secular radial and vertical distortion of resonant orbits induced by a spectrum of dressed perturbations (i.e. accounting for gravitational polarisation) corresponding to uncorrelated swing amplified spiral waves. We will show in section 3 how one may use this collisionless diffusion formalism to describe the induced secular evolution of axisymmetric thick discs.
The inhomogeneous Balescu-Lenard equation
If the system is now assumed to be isolated but discrete (i.e. made of a finite number of particles), its long-term evolution is described by the inhomogeneous Balescu-Lenard equation (Heyvaerts 2010; Chavanis 2012 ). This equation aims at describing the evolution on secular timescales of this isolated DF under the effects of discrete resonant "encounters" between stars (finite−N effects). It reads, using the shortened notation Ωi = Ω(Ji),
where µ = Mtot/N is the mass of the individual particles, 1/Dm 1 ,m 2 (J1, J2, ω) are the dressed susceptibility coefficients which quantify the polarisation cloud around each particle which triggers sequences of transient swing amplified spirals (Julian & Toomre 1966; Toomre 1981) , which in the secular timeframe are assumed instantaneous. See FPC15 for a brief derivation of the Balescu-Lenard equation. When collective effects are neglected, equation (12) becomes the inhomogeneous Landau equation (Polyachenko & Shukhman 1982; Chavanis 2013 ), see Appendix B in FPC15. The r.h.s. of equation (12) is written as the divergence of a flux, so as to ensure the conservation of the number of stars. One should also note that this r.h.s. involves a resonance condition through the Dirac delta δD(m1 ·Ω1 −m2 ·Ω2), where m1, m2 ∈ Z d are integer vectors. This condition is the driver of the collisional evolution. Notice also the antisymmetric operator, m (12), which "weighs" the relative number of pairwise resonant orbits caught in this resonant configuration. Relying on Kalnajs matrix method, the dressed susceptibility coefficients appearing in equation (12) are given by
where the system's response matrix M was introduced in equation (5). Finally, one may also benefit from rewriting the BalescuLenard equation (12) under the form of an anisotropic diffusion equation, by introducing the associated drift and diffusion coefficients. Indeed, equation (12) may be put under the form
where Am 1 (J1) and Dm 1 (J1) are respectively the collisional drift and diffusion coefficients associated with a given resonance m1. To simplify the notations, we did not write their secular dependence with F . The drift coefficients Am 1 (J1) are given by
while the diffusion coefficients Dm 1 (J1) are given by
(16) Finally, let us introduce the total collisional diffusion flux F tot as
so as to rewrite the Balescu-Lenard equation (12) and (14) as
We will now illustrate how the two previous diffusion formalisms may be used in the context of axisymmetric thick discs.
THICK WKB LIMIT RESPONSE
In order to compute the collisionless and collisional diffusion fluxes from equations (10) and (17), two main difficulties have to be overcome. The first one is to explicitly determine the mapping from the physical phase-space coordinates (x, v) to the angle-action ones (θ, J) for a thick axisymmetric disc. If one assumes the disc to be sufficiently tepid, i.e. assumes that the stars orbits are close from circular orbits, one can rely on the epicyclic approximation to obtain such a mapping, as described in section 3.1. The second difficulty arises from the computation of the response matrix from equation (5), which requires the introduction of a biorthogonal basis of potentials and densities. In order to ease the subsequent inversion of I− M, one may follow the WKB approximation (Liouville 1837; Toomre 1964; Kalnajs 1965; Lin & Shu 1966; Palmer et al. 1989; Fouvry et al. 2015d) , which amounts to considering only the diffusion of the system sustained by radially tightly wound spirals. Poisson's equation is then transformed into a local equation, which leads to a diagonal response matrix. Such an application of the WKB formalism in the context of secular dynamics was successfully implemented in the context of razor-thin tepid galactic discs (Fouvry & Pichon 2015; Fouvry et al. 2015a,b) . While it failed short in predicting the exact amplitude of the response of the disc, as shown in Fouvry et al. (2015c) where a full treatment was presented, it captured in that context the physical process of the resonant diffusion, and in particular the loci of the orbital response. It is therefore interesting to investigate if this formalism can also capture the formation of resonants ridges in the vertical direction, beyond the radial diffusion. The generalisation of the WKB formalism to thick discs will be detailed in section 3.2.
Epicyclic approximation
If a thick disc is sufficiently cold, i.e. if the radial and vertical excursions of the star are small, one may use the epicyclic approximation to build up a mapping (x, v) → (θ, J), as we now detail. While it is well known that the vertical motion tends to be anharmonic, we will neglect such complication in the framework of this paper. We introduce the cylindrical coordinates (R, φ, z) to describe our thick axisymmetric disc, along with their associated momenta (pR, p φ , pz), and we assume that the axisymmetric potential ψ0(R, z) is symmetric w.r.t. the equatorial plane z = 0. The stationary Hamiltonian H0 of the system then reads
where we noted as Lz the conserved angular momentum of the star and introduced the effective potential ψ eff = ψ0 +L 2 z /(2R 2 ). The first action of the system is then straightforwardly the angular momentum J φ given by
As we are considering a tepid disc, we may place ourselves in the vicinity of circular orbits. We define the guiding radius of an orbit through the implicit relation
Here Rg(J φ ) corresponds therefore to the radius for which stars with an angular momentum J φ are on exactly circular orbits. The mapping between Rg and J φ is unambiguous (up to the sign of J φ ). In addition, this circular orbit is described at the angular frequency Ω φ given by
In the neighbourhood of circular orbits, one may expand the Hamiltonian from equation (19) as
For (Jr, Jz) = (0, 0), the orbit of the star is circular. When one increases Jr (resp. Jz), the amplitude of the radial (resp. vertical) oscillations increases, so that the orbit gets hotter. One should also note that within the epicyclic approximation, the intrinsic frequencies Ω = (Ω φ , κ, ν) only depend on the variable Rg. Such a dynamical degeneracy may impact the system's secular properties. Finally, one can explicitly construct the mapping between the physical coordinates (R, φ, z, pR, p φ , pz) and (θR, θ φ , θz, Jr, Jz, J φ ) (Lynden-Bell & Kalnajs 1972; Palmer 1994; Binney & Tremaine 2008) , which at first order takes the form
These relations and equations (20) and (25), provide an explicit mapping between the physical phase-space coordinates and the angle-action ones. Finally, throughout the calculations, it will be assumed that the quasi-stationary DF of the system will initially take the form of a quasi-isothermal DF (Binney & McMillan 2011) 
where the functions Σ, Ω φ , κ, ν, σr and σz have to be evaluated at Rg. Here, Σ is the projected surface density associated with the system's density ρ so that Σ(R) = dz ρ(R, z), while σr (resp. σz) represents the radial (resp. vertical) velocity dispersion of the stars at a given radius, and only depends on the position in the disc. Such a DF becomes the Schwarzschild DF in the epicycle limit (see equation (4.153) in Binney & Tremaine 2008) .
Thick WKB basis elements
In the context of razor-thin discs, FPP15 presented in details how to construct a biorthonormal basis of tightly wound potentials and densities corresponding to a WKB solution of Poisson's equation. This construction of local basis elements led to a diagonal response matrix. One may now generalise this approach to discs of nonzero thickness by accordingly modifying the vertical components of these elements. The detail of some of the upcoming convolved in-plane calculations will not be presented, as they can be found in FPP15. We will focus here on the specifics of the extra vertical degree of freedom. Using the cylindrical coordinates (R, φ, z), let us introduce the basis elements
where A is an amplitude which will be tuned later on to ensure the correct normalisation of the basis elements. Here ψ
(R, φ) corresponds to the same in-plane dependence as the one introduced in FPP15 for the infinitely thin WKB basis elements and reads
where the radial window function BR 0 (R) is defined as
The basis elements from equation (28) are indexed by four numbers: k φ is an azimuthal number which characterises the angular component of the basis elements, R0 is the radius in the disc around which the Gaussian window BR 0 is centred, kr corresponds to the radial frequency of the basis elements, and finally n ≥ 1 is an integer index, specific to the thick disc case, which numbers the considered vertical dependences, as detailed later on. In equation (30), we also introduced a decoupling scale σ, which ensures the biorthogonality of the basis elements. Figure 1 illustrates the radial dependence of these basis elements, while figure 2 focuses on their dependence in the (R, φ, z = 0)−plane. One should note that the decomposition introduced in equation (28) amounts to multiplying the in-plane thin WKB basis elements by a vertical function ψ [kr,n] z which should now be specified.
Starting from the ansatz of equation (28), one now has to solve Poisson's equation (4) to determine the associated density basis elements. Given the assumption of tight-winding (mainly krR ≫ 1, see FPP15), it takes the form
where the superscripts [k φ , kr, R0, n] have not been written out to shorten the notations. Let us now assume that the density elements satisfy the ansatz of separability
where λρ = λ
is a proportionality constant, while w(z) is a The winding of the spirals is governed by the radial frequency kr, while the number of azimuthal patterns is given by the index k φ , e.g., k φ = 1 for the interior dark grey element, and k φ = 2 for the exterior light grey one.
cavity function independent of the basis elements' indices. Such a decomposition allows us to rewrite equation (31) as
Notice that equation (33) takes the form of a Sturm-Liouville equation (Courant & Hilbert 1953) , for which one has to determine the eigenfunctions ψ . Under sufficient assumptions of regularity the SturmLiouville theory states that there exists a discrete spectrum of real eigenvalues λ1 < λ2 < ... < λn → +∞, with their associated eigenfunctions ψ 1 z , ψ 2 z , ..., ψ n z . Moreover, when correctly normalised, the eigenfunctions form a biorthogonal basis such that
In order to obtain an explicit expression for our thick basis elements, one now has to specify the considered cavity function w(z). Let us assume that the density basis elements are zero for |z| > h, so that they vanish out of a sharp cavity. This amounts to choosing w(z) such that
where Θ(x) is a door function, equal to 1 for x ∈ [−1; 1] and 0 elsewhere (see Griv & Gedalin 2012 , for a similar ansatz). Since the WKB basis is a local basis, one can adapt the height h = h(R0) as a function of the position within the disc, so as to better mimic the mean density profile of the disc. Because h(R0) is an ad hoc parameter, one still has to detail how this quantity should be specified as a function of the disc's parameters. The main idea behind equation (34) is to approximate the physical cavity of the mean density profile by an approximate sharp cavity of height h. To do so, as illustrated in figure 3 , h is chosen to match the volume of the physical and sharp cavities, i.e. one imposes dz ρtot(R0, z) = 2h(R0) ρtot(R0, 0). When assuming the mean density profile to be a Spitzer profile, as defined later on in equation (109), one can immediately relate h to z0 as h(R0) = 2 z0(R0). Therefore, the cavity scale h from equation (34) should not be seen as a free parameter of our model, but as imposed by the physical mean density profile of the considered disc.
Given the cavity function from equation (34), one may then solve Poisson's equation (33) -which takes the simple form of a wave equation -to obtain an explicit expression for the thick WKB basis elements. It is therefore assumed that ψz follows the ansatz
where the frequency kz remains to be determined. One immediately obtains λρ = −(k 2 r +k 2 z ). In the decomposition from equation (35), one must also ensure that both ψz and dψz/dz are continuous at z = ±h. At this stage, we will now restrict ourselves to symmetric perturbations, so that ψz(−z) = ψz(z). The very similar antisymmetric case is detailed in Appendix A. For even perturbations, one immediately obtains from equation (35) that A = D and B = C. The continuity conditions on ψz and dψz/dz then take the form
In order to have a non trivial solution, this requires for kz to satisfy the relation
Equation (37) plays the role of a quantisation relation, which constrains the allowed values for kz, once kr and h have been specified. As in the definition of the basis elements from equation (28), we introduce the index n ≥ 1 such that k n z is the n−th solution of equation (37), so that one has
In addition, if one assumes that the disc is sufficiently thin so that k 1 z h and krh 1, one can obtain in this limit a simple estimation of the first quantised even k 1 z which reads
The symmetric quantisation relation (37) along with its antisymmetric analog from equation (A2) are illustrated in figure 4 . Two important properties of these quantisation relations should be noted. First of all, the fundamental symmetric frequency k Figure 4 . Illustration of the quantisation relations for the vertical frequency kz induced by the sharp cavity of height h. In order to use dimensionless quantities, we introduced x = kzh and x 0 = krh. The top dotted-dashed curve corresponds to the symmetric case from equation (37) as the only quantised frequency such that k 1 z h < π/2. Given equation (39), in the infinitely thin limit where h → 0, one has k 1 z h → 0, while all the other frequencies are such that kzh remains larger than π/2. Such a property already underlines how this fundamental symmetric mode k 1 z will play a particular role in the razor-thin limit. Moreover, because of the π−periodicity of the "tan" function, in the limit of a sufficiently thick disc for which krh π, one may assume that for both symmetric and antisymmetric cases, one has
After some simple algebra, one can finally give a complete definition of the symmetric potential elements as
Similarly, the associated density elements are given by
The associated antisymmetric basis elements are given in equations (A3) and (A4). Figure 5 illustrates the shape of the vertical component of the first basis elements. As imposed by the definition from equation (4), one must then ensure that the basis is biorthogonal. As demonstrated in FPP15, we know that for (k
, the orthogonality property is satisfied, under the WKB scale-decoupling assumptions ∆R0 ≫ σ ≫ 1/∆kr, where ∆R0 and ∆kr stand for the step distances between two successive basis elements, and σ is of the width of the radial Gaussian in equation (30) (41), and ψ a for the antisymmetric elements from equation (A3). As expected from the Sturm-Liouville theory, the basis elements can be ordered via their number of nodes within the cavity.
for details). Moreover, as underlined after equation (33), the SturmLiouville theory naturally enforces the orthogonality w.r.t. the np and nq indices, so that the basis elements from equations (41) and (42) are indeed orthogonal. To finalise the construction of the basis elements, it only remains to correctly normalise them, by determining the value of the amplitude A. One immediately obtains
where 1 αn 1.6 is a numerical prefactor given by
Using the angle-action mapping from equation (26), one may now compute the Fourier transform of the symmetric basis elements as defined in equation (6). We recall the sum decomposition formula of the Bessel functions of the first kind J ℓ which reads
along with the property
Assuming that the vertical excursions of the stars are smaller than h, one obtains
while the antisymmetric analog is given in equation (A7). Given ψ 
Amplification eigenvalues
A key result of FPP15 was to show that in the infinitely thin limit, the response matrix could be assumed to be diagonal, when computed with WKB basis elements along with the scale-decoupling hypothesis ∆R0 ≫ σ ≫ ∆kr. This was a central result allowing for the analytical derivation of the diffusion coefficients. Here, the thick basis elements will have the same radial dependence as in FPP15, but their vertical components might interact and therefore lead to a more complex response matrix. In Appendix B, we show that for a thick disc with our thick WKB basis elements, one may still assume the response matrix to be diagonal so as to have
This is a crucial result of the present section.
Let us now estimate the diagonal elements of the response matrix. Compared to FPP15, an additional difficulty in the thick context is to compute the additional integral on Jz. This can be made using formula 6.615 from Gradshteyn & Ryzhik (2007) , which reads
where
2/ν and a = ν/σ 2 z . As the disc is supposed to be tepid, in equation (5), the contributions from ∂F/∂J φ may be neglected w.r.t. ∂F/∂Jr and ∂F/∂Jz. Following the same method as in Appendix B of FPP15, and after some algebra, one finally obtains the expression of the symmetric amplification eigenvalues as
In equation (49), the dimensionless quantities χr and χz were defined as
and the shifted dimensionless frequency s ℓz as
Finally, in equation (49), the (reduction) functions F and G were also introduced as
where F is the usual reduction function from the seminal works of Kalnajs (1965) ; Lin & Shu (1966) . When considering antisymmetric contributions, thanks to the results from Appendix A, one obtains the amplification eigenvalues given by
where the prefactor βn has been defined in equation (A6).
Equations (49) and (53) are also important results of this paper, since they allow us to easily assess the strength of the selfgravitating amplification for a thick disc. When effectively computing the thick amplification eigenvalues from equations (49) and (53), in order to obtain physically relevant amplification eigenvalues (i.e. satisyfing 0 < λ < 1 in their definition domain), one has to enforce two additional restrictions. These amount to neglecting the contributions from the vertical action gradients w.r.t. the radial ones, and restricting the sum on resonance vectors only to closed orbits on resonance. Let us now motivate these two restrictions.
The general expression of the response matrix from equation (5) involves the gradient of the DF w.r.t. to the actions ∂F/∂J . As the disc is supposed to be tepid, one may neglect the contributions from ∂F/∂J φ w.r.t. ∂F/∂Jr and ∂F/∂Jz (as was assumed in Fouvry et al. (2015d) in the razor-thin case). In addition, we also neglect the contributions from the vertical action gradients w.r.t. the radial ones, as the radial ones are the only ones which remain in the razor-thin limit. In equations (49) and (53), this amounts to neglecting any contributions from the reduction function G and only conserving contributions from the reduction function F. Let us note that in the razor-thin case, the DF's vertical gradient ∂F/∂Jz becomes infinite and yet does not appear in the razor-thin amplification eigenvalues (see equation (60)). Our first restriction in the computation of the amplification eigenvalues (i.e. neglecting the ∂F/∂Jz gradients) amounts to propagating this razor-thin property to the thickened case.
Moreover, attention should be paid to the fact that in order to compute the collisionless diffusion coefficients Dm(J) from equation (3) as well as the collisional drift and diffusion coefficients Am(J) and Dm(J) from equations (15) and (16), one has to evaluate the amplification eigenvalues at the resonant frequency ω = m·Ω. Therefore, as noted in equation (B4), the shifted dimensionless frequency s m ℓz from equation (51), associated with a resonance m, takes the form
where a small imaginary part η was added. Since the potential is assumed to be non-degenerate, i.e. ν/κ is not a rational number of low order, s m ℓz , when evaluated for a resonance m, is an integer only for ℓz = mz. Here, having an integer s m ℓz implies that there exists a rotating frame in which the orbit is closed, i.e. in which the considered stars are exactly on resonance. In the razorthin 2D case, such a rotating frame always exists (see the razorthin expression (58)), while in the thickened 3D case this is not always possible. As illustrated in figure B1 , the reduction functions s → F(s, χ), G(s, χ) diverge in the neighbourhood of integers, but are well defined when evaluated for exactly integer values, provided that one adds a small imaginary part η as in equation (54). In order to never probe the diverging branches of these reductions functions, one should always evaluate these functions for exactly integer values of s. Consequently, because s m ℓz is an integer only for ℓz = mz, in the general expressions (49) and (53) of the amplification eigenvalues, we restrict the sum on ℓz solely to this case. Let us note that in the razor-thin case, the dimensionless frequency s = (ω−k φ Ω φ )/κ, when evaluated at resonance, is always an integer. Our second restriction in the computation of the amplification eigenvalues (i.e. considering only the term ℓz = mz) amounts to propagating this razor-thin property to the thickened case.
To conclude, given to the two previous critical approximations, the expressions of the amplification eigenvalues from equations (49) and (53), when computed for a resonance m, generically becomes
where we introduced the numerical prefactor γm as
The general rewriting from equation (55) applies in the same manner to both symmetric and antisymmetric vertical resonances. Notice that the approximated amplification eigenvalues from equation (55) remain fully compatible with the discussion from Appendix B, where we justified that the system's response matrix can be assumed to be diagonal. Finally, let us note that these restrictions on the computation of the amplification eigenvalues were used in all the numerical applications presented in section 4.
A thickened Q factor
Before evaluating the collisionless and collisional diffusion fluxes, let us now illustrate how the previous amplification eigenvalues allow us to recover the razor-thin WKB amplification eigenvalues obtained in FPP15 and the known WKB dispersion relations for stellar discs (Kalnajs 1965; Lin & Shu 1966) . As a second step, we will emphasise how equation (55) allows for a generalisation of Toomre's Q parameter (Toomre 1964) to thick discs. In the infinitely thin limit, one can only consider resonances associated with mz = 0, so that only the symmetric basis elements may play a role. Thanks to the quantisation relation illustrated in figure 4, notice that except for the fundamental symmetric mode k 1 z,s , one always has k n z,s > π/(2h). In the infinitely thin limit, for which h → 0, only the fundamental symmetric mode will be relevant for the amplification eigenvalue. In this thin limit, in equation (49), one can get rid of the degree of freedom w.r.t. k n z and evaluate the symmetric amplification eigenvalue in (kr, k 1 z,s (kr, h)) ≃ (kr, kr/h), thanks to equation (39). Equation (55) then reads
where the prefactor α1 was introduced in equation (44) and is a function of k 1 z,s h = √ krh, so that lim thin α1 = 1. In equation (57), we also introduced the dimensionless frequency s as
Finally, χz, defined in equation (50), is only a function of kr and h, and reads χz = (σ 2 z kr)/(ν 2 h). When studying the infinitely thin limit, remember that the physical height σz/ν and the cavity size h are directly related. Indeed, as detailed in equation (113), given Jeans equation, one has
where c2 is a dimensionless constant. For the mean Spitzer density profile introduced in equation (109), one immediately has c2 = 1/ √ 2. One can write χz = c 2 2 krh, and has lim thin χz = 0. Starting from equation (57), since lim thin α1 = 1 and lim thin χz = 0, one immediately recovers in the limit of an infinitely thin disc the known amplification eigenvalues of razor-thin discs (see FPP15) as
This result demonstrates how the thick WKB basis introduced in equation (28) is fully consistent with the known razor-thin results. (55), while for z = 0, i.e for the razor-thin case, we computed λ thin (kr) following equation (60). As expected, one recovers that the thickening of the disc tends to reduce its gravitational susceptibility.
Using the numerical values from the thickened Mestel disc introduced in section 4.1, this property is illustrated in figure 6 .
Equation (57) can now be used to study how Toomre's Q factor (Toomre 1964 ) gets modified by the thickening of the disc, i.e. by a non-zero value of h. Let us recall that Q is a parameter such that Q > 1 ensures the stability of the disc w.r.t. local axisymmetric tightly wound perturbations. As only stability w.r.t. tightly wound axisymmetric modes is considered, we may first impose k φ = 0. Here, we place ourselves at the stability limit given by ω = 0, so that s = 0, and seek a criterion on the disc's parameters such that there exists no kr > 0 for which λ(kr, h) = 1, i.e. such that the disc is stable. In this context, equation (57) immediately takes the form
where the second line of the previous equation has been obtained using a series development at first order w.r.t. krh ≪ 1, by expressing α1 and χz as function of krh. As expected, one recovers that adding a finite thickness to the disc tends to reduce the amplification eigenvalues. In equation (61), to shorten the notations, we introduced the parameter γ = [
+c 2 2 ](h/κ)/σr, and defined the structure function K(χr, γ) as
The shape of the function χr → K(χr, γ) is illustrated in figure 7 . In order to obtain a simple asymptotic expression of a thick stability parameter, one must then study Kmax(γ), the maximum of the function χr → K(χr, γ) as a function of γ. For γ = 0, i.e. for the razor-thin case, K 0 max ≃ 0.534 reached for χ 0 max ≃ 0.948. A first order expansion in γ yields
which is found to approximate well Kmax(γ) for γ 2. Given the (γ), the expression of the thickened Q thick parameter follows from equation (61) and reads
where the relation (59) was used to rewrite h as a function of σz/ν, given the value c2 = 1/ √ 2. Equation (64) involves the razor-thin stability parameter Q thin (Toomre 1964) reading
As expected, increasing the thickness of the disc leads to larger Q values, and therefore to more stable discs, via an exponential boost in the ratio of the vertical to radial scale heights. Note that expression (64) which was obtained through the computation of the response matrix eigenvalues using thick WKB basis elements is fairly general and is not specific to the Spitzer mean density profile from equation (109). When considering a different mean density profile, one only has to change accordingly the value of the constant c2 from equation (59), which relates the size of the mean density profile to the sharp cavity introduced in equation (34). Let us now discuss how this relates to previous results. A few authors have tackled the question of characterising the stability of thickened stellar discs (see Romeo (1992) and references therein). The most reliable and self-consistent analysis is the one of Vandervoort (1970) , which investigates density waves in thickened stellar discs. This approach is based on the collisionless Boltzmann equation limited to even vertical perturbations, and relies on the assumption of the existence of an adiabatic invariant Jz, which allows for the description of the vertical motion of the stars. Written with our current notations, Vandervoort (1970, his equation 77) obtains amplification eigenvalues of the form
where figure 3 was used to relate h and z0. In equation (66), QV(krh) is a non trivial function, which may be computed via variational principles. Similarly, in our present formalism, starting from equation (57), equation (66) takes the form
where the function QF(krh) is defined as
where one should pay attention to the fact that QF only depends on the value of krh. Let us note that he expression of the correction function QF is explicit and was obtained here by directly estimating the eigenvalues of the response matrix from equation (5) using the thickened WKB basis elements from equation (28). Thanks to the values from Table 1 in Vandervoort (1970) , which provides approximate values for the function x → QV(x), the behaviours of the functions QV and QF can straightforwardly be compared. These functions are found to agree well on the range 0 ≤ krh ≤ 5.
Collisionless orbital diffusion
Thanks to the estimation of the system's amplification eigenvalues, one may now estimate the collisionless diffusion coefficients from equation (3). In order to shorten the notations, the WKB basis elements from equation (28) will be written as
Assuming, as in equation (47), that the response matrix is diagonal, we may rewrite it under the form Mpq = λpδ q p . The diffusion coefficients from equation (3) are then given by
where Cpq, as defined in equation (9), corresponds to the crosscorrelation between the basis coefficients bp and bq. One should note that the Fourier transformed basis elements from equation (46) involve a δ even mz (resp. δ odd mz ) for the symmetric (resp. antisymmetric) elements. Therefore, in equation (70), since ψ m are evaluated for the same resonant vector m, the diffusion coefficients do not couple the symmetric and antisymmetric basis elements. To estimate Dm, depending on whether mz is even (resp. odd), one only has to consider the symmetric (resp. antisymmetric) basis elements. As was done in section 3.2, let us now restrict ourselves to the symmetric case, while the very similar antisymmetric case is detailed in Appendix C. Following the same approach as in FPP15, one may first express the basis coefficients bp as a function of the external perturbation ψ e . After some calculation, one obtains
where we used the shortening notation k 
By disentangling the sums on p and q in equation (70), one may rewrite the diffusion coefficients as
where the function g(ω) is defined as
In equation (74), one should note that the sum on k p φ has been executed thanks to the Kronecker delta from equation (46). In equation (74),
is a normalised Gaussian of width σ, and gs encompasses all the slow dependences of the diffusion coefficients w.r.t. the radial position so that
One can note that in the discrete sums from equation (74), the basis elements are separated by step distances ∆kr and ∆R0, so that ∆kr = n k ∆kr and R p 0 = Rg +nr∆R0. As in FPP15, in order to cancel out the rapidly evolving complex exponential from equation (74), one can straightforwardly show that the basis elements must satisfy a critical sampling condition (Gabor 1946; Daubechies 1990) of the form
Given these step distances, and using Riemann sum formula, equation (74) 
where one must note that there remains a sum on the index np. At this stage, there are two strategies. On the one hand, one can either assume the disc to be sufficiently thick so as to replace the sum on np in equation (77) by a continuous integral over kz. On the other hand, in the limit of a thin disc, one should keep the discrete sum from equation (77). In the upcoming calculations, we will follow the first approach. Appendix D details how one should proceed with the second approach, shows that these two approaches are fully consistent one with another, and also fully recovers the razor-thin limit from FPP15. As noted in equation (40), for a sufficiently thick disc, one may assume the distance between successive quantised kz frequencies to be of the order ∆kz ≃ π/h. Provided that ∆kz is small compared to the typical scale of variation of the function kz → gs(kz), one may use once again Riemann sum formula, to rewrite equation (77) as
Let us now define the autocorrelation C ψ e of the external perturbations as
One can then rewrite the general expression of the symmetric diffusion coefficients from equation (70) as
The antisymmetric equivalent of equation (80) is derived in equation (C1). Assuming some stationarity properties on the stochasticity of the external perturbations, one may then further simplify equation (80). As in FPP15, we suppose that the external perturbations are also spatially quasi-stationary so that
where the dependences w.r.t. (R1 +R2)/2 and z1 +z2 are supposed to be slow. As demonstrated in Appendix E, one can then show that
(82) Thanks to this autocorrelation diagonalised both in ω, kr and kz, the expression of the symmetric diffusion coefficients from equation (80) becomes
Equation (83), along with its antisymmetric equivalent from equation (C3), are the main results of this section. As in FPP15, equation (83) may be further simplified thanks to the so-called approximation of the small denominators. This amounts to focusing on the contributions from the waves that yield the maximum amplification. One therefore assumes that the function (kr, kz) → λ(kr, kz), in its allowed domain (i.e. kz ≥ k 1 z (kr), see figure 4) reaches a well-defined maximum λmax(Rg, ω) for (kr, kz) = (k max r , k max z ). One may then define the neighbouring region Vmax = {(kr, kz) λ(kr, kz) ≥ λmax/2}, and its area |Vmax|. The previous expression of the diffusion coefficients can then straightforwardly be approximated as
One can improve the previous approximation by performing the integrations from equation (83) only for (kr, kz) ∈ Vmax. Such a calculation is more numerically demanding but does not alter the principal conclusions drawn in this paper, while ensuring a better estimation of the diffusion flux.
Collisional orbital diffusion
Relying similarly on the amplification eigenvalues obtained in section 3.3, we may now proceed to the evaluation of the collisional drift and diffusion coefficients from equations (15) and (16).
Estimation of the susceptibility coefficients
Let us first estimate the dressed susceptibility coefficients from equation (13). Using the shortened notation from equation (69), they read
(85) Separating the contributions from symmetric and antisymmetric basis elements, equation (85) can be rewritten as
where the superscripts "s" and "a" respectively correspond to symmetric and antisymmetric basis elements. It was shown in equations (46) 
Since m z 1 and m z 2 must have the same parity, when computing the susceptibility coefficients from equation (86), depending on the parity of m z 1 , one has to consider the symmetric elements only or the antisymmetric ones only. Before proceeding with the evaluation of the susceptibility coefficients from equation (86), we will first emphasise a crucial consequence of the localised thick WKB basis from equation (28), which is the restriction to local resonances. This is the matter of the next section.
Restriction to local resonances
The Balescu-Lenard drift and diffusion coefficients from equation (15) and (16) involve an integration over the dummy variable J2. For a given value of J1, m1 and m2, this should be seen as a scan of the entire action space, searching for regions where the resonant condition m1 ·Ω1 −m2 ·Ω2 = 0 is satisfied. Because the epicyclic approximation was assumed, the intrinsic frequencies (Ω φ , κ, ν) from equations (22) and (24) only depend on the action J φ , which makes the resonance condition simpler. For fixed values of R1 = Rg(J1), m1 and m2, one therefore has to find the resonant radii R r 2 such that the resonance condition f (R r 2 ) = 0 is satisfied, where
Once these resonant radii have been identified, one may finally rely on the rule for the composition of a Dirac delta and a function which reads
where Z f = y f (y) = 0 . In order to use the expression (89), one also has to assume that the poles of f are non-degenerate so that
As noted in equation (87), one has m φ 1 = m φ 2 . As a consequence, the resonance condition from equation (88) takes the form
where we used the shortening notation
and Ω r φ = Ω φ (R r 2 ). Because the Fourier transformed basis elements from equations (46) and (A7) involve the narrow radial Gaussian BR 0 , the relevant resonant radii R r 2 must necessarily be close to R1, so that ∆R = R r 2 −R1 is such that |∆R| ≤ (few) σ. Equation ( (92) In the l.h.s. of equation (92), the terms within brackets is nonzero thanks to the assumption from equation (90) that the resonant poles are simple. Notice that ∆R is small because of the scaledecoupling approach used in the construction of the WKB basis elements. The r.h.s. of equation (92) is discrete in the sense that it is the sum of a multiple of κ and of ν. As the disc is supposed to be not too thick, it may be assumed that ν ≫ κ. Moreover, as was also shown in equation (87) 
provided that the resonance vectors m1 and m2 are of small order. The l.h.s. of equation (92) is therefore small, while its r.h.s. is of the order of ν(R1). As a consequence, equation (92) 
Similarly, the l.h.s. of equation (94) is small because of ∆R, while its r.h.s. is either zero or of the order κ(R1). This immediately imposes that both sides of equation (94) have to be zero. As a conclusion, the use of the thick WKB basis implies that only local resonances are allowed so that
This a crucial consequence of the restriction to the thick WKB basis from equation (28).
Asymptotic continuous limit
One may now evaluate the susceptibility coefficients from equation (86) by restricting ourselves to the cases R2 = R1 and m2 = m1. As noted in equation (86), the symmetric case (i.e. m z 1 even) and the antisymmetric one (i.e. m z 1 odd) can be treated separately. The upcoming calculations will be made for the symmetric case, from which the antisymmetric expressions are straightforward to deduce. When writing explicitly the sum on the basis elements, and using the expression (46) of the Fourier transformed basis elements, equation (86) becomes
In equation (96) One should also note that the sum on k p φ was executed thanks to the constraint from equation (87). As in section 3.5, the next step of the calculation is to replace the discrete sums on k p r and R p 0 by continuous expressions. To do so, we rely on the step distance from equation (76) 
One must note that in equation (97) there still remains a sum on the vertical index np. At this stage of the calculation, there are two possible strategies to complete the evaluation of the susceptibility coefficients. If one assumes the disc to be sufficiently thick, one may replace the sum on np by a continuous integral over kz. Conversely, in the limit of a thin disc, one should keep the discrete sum in equation (97). In the following calculations, the first continuous approach will be pursued. In Appendix D, the second approach is investigated: it is shown that these two approaches are fully consistent one with another, and how the razor-thin limit from FPC15 may be recovered. As noted in equation (40), the distance between two successive quantised kz can be approximated by ∆kz ≃ π/h. Provided that the function present in the r.h.s. of equation (97) varies on scales larger than ∆kz, one may use once again the Riemann sum formula to rewrite equation (97) as
This explicit expression of the dressed susceptibility coefficients is the main result of the present section: it relates the gravitational susceptibility of the disc to known analytic functions of its actions via a simple regular quadrature. Following equation (84), we may further simplify equation (98) by using the so-called approximation of the small denominators, so that it becomes
One can improve this approximation by rather performing the integrations in equation (98) for (kr, kz) ∈ Vmax. This approach is more numerically demanding but allows for a more precise determination of the diffusion flux. Using this improved approximation does not alter the principal conclusions drawn in this paper. Finally, for m z 1 odd, the antisymmetric analogs of the previous expressions of the susceptibility coefficients are straightforward to obtain through the substitution α → β, introduced in equation (A6), and by considering the antisymmetric amplification eigenvalues from equation (53).
Estimation of the drift and diffusion coefficients
The final step of the collisional calculation is to determine the Balescu-Lenard drift and diffusion coefficients from equations (15) and (16). Thanks to the restriction to local resonances justified in equation (95), the sum on m2 in equations (15) and (16) is only limited to m2 = m1, and using the formula (89), one may immediately perform the integration on J 2 φ , which adds a prefactor of the form 1/|∂(m1 ·Ω1)/∂J φ |. Using the shortened notation
one can write the expression of the drift coefficients as
(101) Similarly the diffusion coefficients are given by
(102) In equations (101) and (102), the susceptibility coefficients are given by equation (98), or equation (99) within the approximation of the small denominators (or their antisymmetric analogs depending on the parity of m z 1 ). In particular, they have to be evaluated for J 2 φ = J 1 φ . In the case where the DF takes the form of a quasiisothermal DF as in equation (27) and where the susceptibility coefficients are obtained via the approximation of the small denominators from equation (99), the integrations on J 2 r and J 2 z in equations (101) and (102) may be explicitly computed (see Appendix C of FPC15 for an illustration in the razor-thin limit). To do so, in addition to equation (48), one relies on the integration formula
We do not detail here these calculations, and only give the final expressions of the drift and diffusion coefficients. Equations (101) and (102) become
where we introduced the functions G
m 1 (J1) and G
(1)
In equation (105), we introduced the functions F
(J 1 φ ) and C D m 1 (J1), so that the quasi-isothermal DF from equation (27) and the susceptiblity coefficients from equation (99) read
In equation (104), we also introduced the coefficients αm 1 (J 
where the coefficient γ 
Equation (108) . The WKB approximation allowed us therefore to obtain in equation (104) explicit expressions for the drift and diffusion coefficients, where all quadratures have been computed.
Finally, let us note that if one assumes the system's DF to be at statistical equilibrium and to take the form of a Boltzmann DF, F (J) = C e −βH(J ) , then the previous drift and diffusion coefficients are directly connected one to another. Indeed, for such a DF, one has ∂F/∂J = −β F Ω(J φ ), where one notes that within the epicyclic approximation, the system's intrinsic frequencies Ω only depend on the azimuthal action J φ . The drift coefficients from equation (101) may then be computed, and one gets Am 1 (J1) = m1·Ω(J 1 φ ) β Dm 1 (J1), which takes the form of a generalised Einstein relation for each resonance. This is a generic property of the Balescu-Lenard equation, which remains true beyond the present WKB approximation (Chavanis 2012) .
The simple and tractable expressions of the drift and diffusion coefficients from equations (101) and (102) constitute one of the main results of this paper. Let us insist on the fact that the WKB formalism presented in this section is self-contained and that no ad hoc fittings were required. Finally, except for the explicit recovery of the amplification eigenvalues in equation (49), the previous calculations are not restricted to the quasi-isothermal DF from equation (27) . As a consequence, the collisional drift and diffusion coefficients from equations (101) and (102) are valid for any tepid disc's DF, provided that the epicyclic angle-action mapping from equation (26) is applicable.
APPLICATION: DISC THICKENING
Let us now implement the previous thick WKB diffusion equations to get a better grasp of the various resonant processes at play during the secular evolution of a thick disc. Let us already emphasise that describing self-consistently the secular evolution of a self-gravitating stellar disc is a very challenging task, which raises many difficulties. There exists no generic angle-action coordinates in the thickened geometry, nor appropriate basis elements, nor methods to compute the properties of the disc's collective effects. The previous WKB formalism allows for the simultaneous resolution of all these difficulties, at the cost of additional assumptions, e.g., epicyclic approximation, tightly wound perturbations, etc. The WKB framework appears therefore as a legitimate first step to investigate from first principles the complex dynamics of thickened discs. We present in section 4.1 the considered disc model. In section 4.2 the formalism will first be applied to the formation of vertical ridges in action space found in the numerical experiments of Solway et al. (2012) . We will then consider in section 4.3 the associated diffusion timescales and discuss the limitations of the WKB framework. In section 4.4, we will focus on illustrating the thickening of galactic discs via resonant diffusion induced by central decaying bars, while in section 4.5 we will consider the effect of the joint evolution of GMCs. (114), the self-gravity of the disc is turned off in its inner and outer regions.
The disc model
In order to setup a typical thick disc, we follow the recent secular simulations of isolated thick discs presented in Solway et al. (2012) , hereafter So12 (specifically, the numerical parameters from the simulation named UCB, keeping only the most massive of its two components). This simulation is especially relevant for the formalism presented here, since it models an unperturbed isolated stable and stationary thick disc, in which So12 observed the spontaneous appearance of transient spirals seeded by the disc's discreteness, and, only on secular timescales, the formation of a central bar.
3 The disc considered therein corresponds to a thickened Mestel disc. We start from an infinitely thin Mestel disc of surface density ΣM(R) = V 2 0 /(2πGR), where V0 is a constant independent of radius. Assuming a vertical profile shape, one may thicken this surface density ΣM to build up a density ρM. Indeed, the 3D density ρM(R, z) can be defined as
where a Spitzer vertical profile (Spitzer 1942 ) was used, introducing z0 the local thickness of the mean disc. Of course, note that the thickening was defined such that dz ρM(R, z) = ΣM(R). At this stage, we recall that one could have used alternative vertical profiles, e.g., exponential. Indeed, the results presented thereafter can straightforwardly be applied to different profiles, by adapting accordingly the relations between h, z0 and σz/ν, obtained in equations (34) and (113). Once the total thickened density has been defined, one can then numerically determine the associated potential ψM via ψM(x) = − dx1G ρM(x1)/|x−x1|. Relying on the ax-3 Let us emphasise that this simulation UCB is significantly different from another simulation, M2, also presented in detail in Solway et al. (2012) . Indeed, M2 was tailored to support a m = 2 unstable spiral mode, in particular via a groove in the disc's DF. It contained a thin disc made of N = 1.2×10 6 particles, and was evolved up to t ≃ 390. On the other hand, the simulation UCB aimed at studying the effects of multiple transient spirals seeded by the finite number of particles in a quasi-stationary and stable disc. It contained only N = 2×10 5 particles and was evolved up to t ≃ 3500. Let us highlight the strong differences between the M2 and UCB simulations: unstable vs. stable, spiral mode vs. multiple transient spirals, large N vs. small N , short integration time vs. long integration time, and collisionless dynamics vs. collisional dynamics.
isymmetry of the system, one obtains
where F ell [φ, m] is the elliptic integral of the first kind, defined as
Thanks to this numerical estimation of the thickened total potential ψM of the disc, one may then use equations (21), (22) and (24) to numerically determine the mapping Rg → J φ and the intrinsic frequencies Ω φ , κ and ν. This completely characterises the epicyclic mapping to the angle-action coordinates presented in equation (26). For a sufficiently thin disc, one expects these mappings to be close to those obtained in the infinitely thin case, for which one immediately has
Given the thickened mean density profile ρM with its associated intrinsic frequencies, one may use the one-dimensional Jeans equation (see, e.g., Eq. (4.271) in Binney & Tremaine 2008) to constrain the value of the equilibrium vertical velocity dispersion σz. Indeed, one has
where it is assumed that σz is only a function of R. Differentiating equation (112) once w.r.t. z and evaluating it at z = 0, one gets
Consequently, once the scale height z0 of the disc and the intrinsic vertical frequency ν are numerically determined, the vertical velocity dispersion σz within the disc follows immediately by equation (113). One should note that the determination of the intrinsic frequencies required the use of the total potential of the system ψM from equation (110). However, our goal here is to model the secular evolution of the dynamically active component of the disc, i.e. the stars, whose density Σstar is only one component of the total ΣM. Indeed, in order to build up a stable disc and deal with its central singularity and infinite extent, two tapering functions Tinner and Touter must be introduced. They read
where νt and µt are two power indices controlling the sharpness of the two tapers, while Ri and Ro are two scale parameters. These two tapers mimic the presence of a bulge and the replacement of the outer disc by the dark halo. It is also assumed that only a fraction ξ of the system is active (while the missing component will be a static contribution from the dark matter halo). As a consequence, the active surface density Σstar of the disc may be written as
The shape of the active surface density Σstar is illustrated in figure 8. In order to follow the same setup as So12's UCB simulation, the numerical parameters are given the values V0 = 1 ; G = 1 ; Ri = 1 ; Ro = 15 ; νt = 4 ; µt = 6 , (116) while the heat content of the disc is characterised by σr = 0.227 ; ξ = 0.4 .
It then only remains to define the height of the disc. So12 used a somewhat unusual vertical profile of constant vertical scale zS, to define a thickened density ρS as
One can easily relate the Spitzer scale height z0 from equation (109) to the height zS from equation (118) by imposing the constraint ρM(z = 0) = ρS(z = 0), which gives z0 = 0.66 zS. As So12 used the choice zS = 0.4, we use here the value z0 = 0.26. Finally, it also important to note that So12's simulation was limited to the harmonic sector 0 ≤ m φ ≤ 8, except m φ = 1 (to avoid decentring). In our case, in order to clarify the dynamical mechanisms at play during the secular evolution, a more drastic limitation to the considered potential perturbations will be used and they will be restricted only to m φ = 2. In addition to this restriction, throughout the numerical calculations, the analysis will also be limited to only 9 different resonances, i.e. 9 different vectors m = (m φ , mr, mz). Indeed, we assume m φ = 2, mr ∈ {−1, 0, 1} and mz ∈ {−1, 0, 1}. Among these resonances, we define the corotation resonance (COR) as m = (2, 0, 0), the radial (resp. vertical) inner Lindblad resonance (rILR) (resp. vILR) as m = (2, −1, 0) (resp. m = (2, 0, −1)), and similarly the radial (resp. vertical) outer Lindblad resonance (rOLR) (resp. vOLR) as m = (2, 1, 0) (resp. m = (2, 0, 1)). Once the orbital frequencies Ω and the considered resonance vectors m have been specified, one may study the behaviour of the resonance frequencies ω = m·Ω as a function of the position within the disc. These frequencies, for which the amplification eigenvalues and the perturbation autocorrelation as in equation (83) have to be evaluated, are illustrated in figure 9 .
When simulated on secular timescales, one observes sequences of transient spirals within the disc leading to an irreversible diffusion of the system's DF in action space (M. Solway, private communication) . To probe such a secular thickening of the disc, one may consider the marginal distribution of vertical action Jz as a function of the guiding radius Rg within the disc. We define the function FZ(Rg, Jz, t) as
In equation (119), starting from equation (21), one can straightforwardly show that dJ φ /dRg = (Rgκ 2 )/(2Ω φ ) (= V0 for an infinitely thin Mestel disc, thanks to equation (111)). The time variation of FZ may generically be estimated via equations (11) and (18) as
One can also rewrite equation (120) as the divergence of a flux
where the flux components (F
(122) Figure 9 . Behaviour of the intrinsic frequency of resonance ω = m·Ω as a function of the position within the disc and the resonant vector m = (m φ , mr, mz).
The grey lines correspond to the pattern frequency mpΩp introduced in the bar perturbations from equation (130) and considered in figure 16 .
In equation (122), the total diffusion flux F tot in the (J φ , Jr, Jz) space from equations (11) and (18) was naturally written as
. The initial contours of FZ are illustrated in the left panel of figure 10 , while their long-term evolution is illustrated in the right panel of the same figure. When comparing the two panels of figure 10, one can clearly note the formation on secular timescales of a narrow ridge of enhanced vertical actions in the inner region of the disc, characterised by an increase of the mean value of the vertical action in these regions. 4 Let us note that the disc considered in So12 was purposely designed to be linearly stable, quasi-stationary, isolated and unperturbed. So12 could then explicitly check that this disc does not develop any spiral mode or bar instability for hundreds of dynamical times. The only source of fluctuations in the disc is due to weak transient spiral arms seeded by the disc's finite number of particles. In this context, the vertical ridge observed in figure 10 has to be the signature of the spontaneous secular thickening of the disc sourced by its intrinsic shot noise amplified by self-gravity, since these are the only perturbations remaining in the system.
5 As already shown quantitatively in Fouvry et al. (2015c) in the context of razor-thin discs, this corresponds to the exact dynamical regime of application of the .
The aim of the upcoming sections is to discuss how the previous WKB limits of the collisionless and collisional secular diffusion equations provide a qualitative illustration of this ridge formation. Secular evolution being by essence a slow process, we will restrict ourselves here to the estimation of the initial diffusion flux, 4 Figure 10 , showing a vertical ridge, is a new figure, which was not presented nor discussed in Solway et al. (2012) . It was graciously provided to us by M. Solway. Although present in Solway's UCB simulations, it was never put forward nor discussed in previous papers. 5 This conclusion is also reinforced by two additional tests presented in Sellwood (2012) , which investigated razor-thin analogs of So12's thickened simulations. The figure 2 of Sellwood (2012) shows that the larger the number of particles, the slower the evolution. The evolution is therefore induced by discreteness effects, as recovered quantitatively in Fouvry et al. (2015c) . Moreover, figure 5 of Sellwood (2012) also shows that after redistributing randomly the azimuthal phases of the particles at some stage of the evolution, the ridge would still appear on the same timescale. The resonant ridge is therefore not a phase-dependent feature, and only depends on the system's mean orbital structure, i.e. its mean DF F = F (J , t).
F tot, at the time t = 0. In Fouvry et al. (2015c) in the context of razor-thin discs, we already emphasised how the computation of the initial diffusion flux allows indeed for the recovery of the formation of resonant ridges in action space. Computing the evolution at later time, while theoretically interesting (and challenging), would not be astrophysically relevant in the present context, because it would describe an evolution on a timescale much larger than the age of the universe (see section 4.5).
Shot noise driven resonant disc thickening
To compute the secular diffusion flux from equations (11) and (18), one first has to study the behaviour of the amplification eigenvalues λ(kr, kz) from equations (49) and (53), thanks to which the approximation of the small denominators may be performed. For a given resonance m and position J φ , the amplification function (kr, kz) → λ(kr, kz) is illustrated in figure 11 . As presented in equations (84) and (99), such a behaviour allows us to determine a region Vmax(m, J φ ) over which the (kr, kz)−integrations from equations (83) and (98) may be performed. Figure 12 illustrates the importance of the self-gravitating amplification by representing the behaviour of the function J φ → 1/(1−λmax(m, J φ )) for various resonances. After having estimated the system's amplification eigenvalues, one may in turn compute the induced collisionless diffusion (section 4.2.1) and the collisional one (section 4.2.2).
Collisionless forced thickening
In order to gain some qualitative insight on the formation of the vertical ridge observed in figure 10 , one may first rely on the WKB limit of the collisionless diffusion formalism obtained in section 3.5. Because So12 considered an isolated disc, one has to assume some form for the perturbation power spectrum C[m φ , ω, Rg, kr, kz] that appears in equation (83). As in Fouvry & Pichon (2015) ; Fouvry et al. (2015a) , it will be assumed that the source of noise is given by shot noise, due to the finite number of stars in the disc. Such a type of perturbation may also mimic the perturbations induced by compact gas clouds within the disc. For such a Poisson shot noise, the perturbing potential varies radially like ψ e ∝ √ Σstar. For simplicity, the dependence of Figure 11 . Behaviour of the function (kr, kz) → λ(kr, kz), as defined in equation (49), for m = m COR and J φ = 1.5. One should remember that the diffusion coefficients generically require to evaluate the amplification eigenvalues at the intrinsic frequency ω = m·Ω. Contours are spaced linearly between 90% and 10% of the function maximum λmax. The grey region corresponds to the domain Vmax = {(kr, kz) λ(kr, kz) ≥ λmax/2}, i.e. the region on which the integrations from equations (83) and (98) may be performed. One can finally note that here the maximum of amplification lies on the line kz = k 1 z (kr), i.e. along the line of the minimum quantised vertical frequency kz.
C with ω, kr, kz is neglected. Moreover, as detailed below equation (118), as perturbations were restricted to the sole harmonic sector m φ = 2, the same restriction applies to C. As a consequence, let us assume for our illustration purposes that, up to a normalisation, the autocorrelation of the external perturbations takes the 
One should note that shot noise is not per se an external perturbation. To account in a more rigourous way for such intrinsic finite−N effects, one should rely on the inhomogeneous BalescuLenard equation, as will be presented in section 4.2.2. One should finally note that the noise assumption from equation (123) is rather crude, since we only included a dependence w.r.t. Rg. Here the lack of dependence w.r.t. ω implies that at a given location in the disc, all resonances undergo the same perturbations, even if they are not associated with the same resonant frequencies m·Ω. Thanks to the estimation of the disc's amplification eigenvalues, and the per- Figure 13 . Illustration of the initial contours of ∂F Z /∂t| t=0 predicted by the collisionless diffusion equation (2), when considering a secular forcing by shot noise as in equation (123). Red contours, for which ∂F Z /∂t| t=0 < 0, correspond to regions from which the orbits will be depleted and are spaced linearly between 90% and 10% of the function minimum, while blue contours, for which ∂F Z /∂t| t=0 > 0, correspond to regions where the number of orbits will increase during the diffusion and are spaced linearly between 90% and 10% of the function maximum. The background contours correspond to the initial contours of F Z (t = 0), spaced linearly between 95% and 5% of the function maximum, and determined for the quasi-isothermal DF from equation (27).
turbation power spectrum from equation (123), one may compute the WKB collisionless diffusion flux F tot from equation (10), and subsequently its divergence div(F tot). One can then estimate the initial time variation of the function FZ from equation (120). The initial contours of ∂FZ/∂t|t=0 are illustrated in figure 13 . In this figure, one recovers qualitatively the formation of a resonant ridge of increased vertical actions in the inner region of the disc, as was observed in figure 10 . This illustrates qualitatively how the Poisson shot noise induced by the finite number of particles -as approximated by equation (123) -may lead to a secular thickening of the disc.
Collisional thickening
The previous section relied on the WKB collisionless diffusion equation (2). In order to better account for the intrinsic Poisson shot noise, one may now proceed to the same estimations, while relying on the WKB Balescu-Lenard equation (12). Thanks to the previous estimations of the amplification eigenvalues, one may straightforwardly compute the collisional susceptibility coefficients from equation (99). This allows us to determine the drift and diffusion coefficients from equations (101) and (102), and consequently the total collisional diffusion flux introduced in equation (17). Because the mass of the particles is given by µ = Mtot/N , we will rather consider the quantity N F tot, which is independent of N . Following equation (121), one can then compute the diffusion flux N F Z in the (J φ , Jz)−plane. The initial contours of the norm |N F Z|(t = 0) are illustrated in figure 14 . In this figure, one can note how the diffusion flux N F Z is localised in the inner region (12). The contours are spaced linearly between 90% and 10% of the maximum norm. The background contours correspond to the initial contours of F Z (t = 0), spaced linearly between 95% and 5% of the function maximum, and determined for the initial quasi-isothermal DF from equation (27). One can clearly note the presence of an enhanced diffusion flux in the inner region of the disc, compatible with the localised increase of the vertical actions observed in figure 10 .
of the disc. Both figures 13 and 14 are in qualitative agreement and predict a localised increase in the vertical actions as observed in direct numerical simulations. The crude approximation of the Poisson shot noise from equation (123) also allows us to qualitatively recover with the collisionless secular diffusion formalism, the results obtained here thanks to the collisional formalism, within which the spectral properties of the Poisson shot noise are self-consistently accounted for.
Vertical kinetic heating
In order to better assess the properties of the diffusion induced by finite−N effects, let us now consider the induced increase in the vertical velocity dispersion. Indeed, disc thickening can observationally best be probed by determining the evolution of the vertical velocity dispersion ς
Thanks to the epicyclic approximation from equations (25) and (26), one immediately has v 2 z = 2Jzν sin 2 (θz). In equation (124), one can perform the integrations over θ ′ and J ′ φ to obtain Because for t = 0, F (J ′ , t) is given by the quasiisothermal DF from equation (27), one immediately recovers ς 2 z /∂t = 2ςz∂ςz/∂t, one can anticipate a secular increase in the vertical velocity dispersion ςz under the effect of the Poisson shot noise perturbations. This is illustrated in figure 15 , where we represent ςz(Rg, t) ≃ σz(Rg)+t ∂ςz/∂t|t=0, as predicted by both collisionless and collisional formalisms. Consistently with figures 13 and 14, the WKB formalisms predict that the most significant increase in the vertical velocity dispersion occurs in the inner region of the disc, as already observed in figure 10 . This illustrates qualitatively how the discrete Poisson shot noise may lead on secular timescales to a thickening of the disc. Finally, recall that a strength of the Balescu-Lenard formalism is that it is self-contained and does not involve any ad hoc fittings of the system's perturbations. Thanks to the calculation of the induced collisional increase in ςz presented in the bottom panel of figure 15 , one may now study the typical timescale of collisional diffusion predicted by the thick WKB Balescu-Lenard equation and compare it to the one observed in So12's simulation. This is the purpose of the next section.
Diffusion timescale
Thanks to the previous estimates of the collisional diffusion flux N F Z, one may now compare the diffusion timescale of appearance of the finite−N effects predicted by the Balescu-Lenard equation with So12's numerical measurements. Indeed, one can note that the Balescu-Lenard equation (12) depends on the number N of particles through the mass of the individual particles µ = Mtot/N . Equation (12) may therefore be rewritten as
where CBL[F ] = N div(F tot ) is the N −independent BalescuLenard collisional operator, i.e. the r.h.s. of equation (12) multiplied by N = Mtot/µ. Equation (127) illustrates the fact that the larger the number of particles, the slower the secular evolution. Introducing the rescaled time τ = t/N , one may rewrite equation (127) as
so as to write the Balescu-Lenard equation without any explicit appearance of N . This allows us to compare the time during which So12's simulation was performed with the collisional timescale of evolution predicted by the Balescu-Lenard formalism. The right panel of figure 10 was observed in So12 with N = 2×10 5 particles, after a time ∆tSo12 = 3500. As a consequence, So12 observed the resonant ridge after a rescaled time ∆τSo12 = ∆tSo12/N ≃ 2×10 −2 . In figure 10 , looking at the evolution of the mean value of Jz, one can note that during the rescaled time ∆τSo12, the mean vertical action in the inner region of the disc was approximately doubled. One can then compare this time with the typical time predicted by the thick WKB Balescu-Lenard formalism to lead to a similar increase of the mean vertical action. Thanks to equations (25) and (26), one has v 2 z = 2νJz sin 2 (θz), so that ς 2 z = ν Jz . As a consequence, doubling the mean vertical action Jz only requires to multiply the vertical velocity dispersion ςz by √ 2. Thanks to figure 15, one can note that such an increase in ςz is reached after a rescaled time ∆τWKB = 10 3 . Comparing the numerically measured time ∆τSo12 and the thick WKB BalescuLenard prediction ∆τWKB, one obtains
The disagreement between the measured and the predicted timescales is even larger than what was obtained in FPC15 in the razor-thin case (∼ 10 −3 ) for the Jr−diffusion. The timescale discrepancy observed in FPC15, while using the razor-thin WKB limit of the Balescu-Lenard formalism -which was solved in Fouvry et al. (2015c) by resorting to a global evaluation of the Balescu-Lenard diffusion flux -was interpreted to be due to the incompleteness of the WKB basis. Indeed, by restricting ourselves only to tightly wound perturbartions, this WKB limit was not able to capture the swing amplification mechanism (Goldreich & Lynden-Bell 1965; Julian & Toomre 1966; Toomre 1981) which describes the strong amplification of unwinding perturbations. The thickened WKB formalism presented in section 3 suffers from the same flaw, and this is illustrated in the timescale mismatch from equation (129), that can be directly attributed to the neglect of some components of the self-gravitating amplification in the qualitative illustrations obtained via the WKB frameworks.
Thickening induced by bars
In order to investigate another mechanism of secular thickening, one may modify the perturbations sourcing the WKB collisionless diffusion coefficients from equation (84). Instead of considering the effect of shot noise as in equation (123), we may now study the secular effect of a stochastic series of central bars on the galactic disc thickness. Let us then assume that the autocorrelation of the external perturbations takes the simple form
where mp = 2 is the pattern number of the bar, Ωp is its typical pattern speed, and σp ∼ 1/T b ∼ (1/Ωp)(∂Ωp/∂t), with T b the typical bar's lifetime, describes the typical decay time of the bar frequency. The slower Ωp evolves, the narrower the frequency window from equation (130) will be, and therefore the smaller σp. Finally, in equation (130), A b (Rg) is an amplitude factor depending on the position within the disc, describing the radial profile and extension of the bar. One should note that equation (130) is a rather crude assumption, since for simplicity, we neglect here any dependence w.r.t. kr and kz (which in turn implies that the perturbation is radially and vertically decorrelated). We consider the same thickened Mestel disc as in section 4.1, perturbed by various series of bars characterised by Ωp ∈ {0.4, 0.25} and σp ∈ {0.03, 0.06}. Finally, in order to focus on the intermediate regions of the disc, i.e. belonging to neither the bulge nor the bar, we assume that
is an Heaviside function such that H[x] = 1 for x ≥ 0 and 0 otherwise, and Rcut = 2.5 is a truncation radius, below which the bar is present. The initial contours of ∂FZ/∂t|t=0, for these various choices of bar perturbations, are illustrated in figure 16 . From the various panels of figure 16, one should first note how the frequency selection present in the noise assumption from equation (130) tends to localise as expected the resonant ridge of enhanced thickness. This figure also emphasises how the dynamical properties of the bars may change the orbital signature of diffusion. Indeed, by comparing the left-hand panels with the right-hand ones, one recovers that the slower the bar, the further out the ridge of diffusion, i.e. as Ωp decreases, the ridges move outwards. Similarly, by comparing the top panels with the bottom ones, one observes that the more long-lived the bars, the narrower the diffusion features, i.e. as σp decreases, the ridges get sharper and do not overlay anymore. Finally, the position of the various ridges observed in figure 16 can be straightforwardly interpreted thanks to figure 9, which illustrates the behaviour of the resonance frequencies ω = m·Ω as a function of the position in the disc. This allows us to determine the dominant resonance associated with each of the ridges observed in figure 16 . Because shot noise perturbations as in equation (123) and perturbations associated with bars as in equation (130) do not have the same spectral structure, the diffusion features observed in figures 13 and 16 are significantly different. The perturbations' spectral characteristics (equations (123) or (130)) shape the diffusion coefficients from equation (3).
The process of secular thickening induced by a bar-like perturbation should have a clear chemo-dynamical signature in the radial and vertical distribution of stars of a given age and vertical dispersion. Indeed, gas inflow will (re)-generate a cold component of stars within a razor-thin disc throughout a Hubble time. Conversely, potential fluctuations near the disc will trigger radial and vertical migrations in regions which resonate with the perturbations. Hence, depending on the spectral properties of the perturbations, the rate of star formation, the gas infall within the disc, and the underlying orbital structure, the distribution of stellar ages, metallicities and vertical velocities should reflect the net effect of all these processes.
GMCs triggered thickening
In a realistic galactic disc, we do not expect the self-induced diffusion of stars alone to drive the disc's thickening within a Hubble time. However, the predicted collisional timescale of diffusion from section 4.3 should be updated when accounting for the joint evolution of the galaxy's GMCs. So12 gives a possible scaling to physical units as
A typical Milky Way like galaxy is such that NMW ∼ 10 11 . As a consequence, the rescaled time ∆τSo12 ≃ 2×10 −2 becomes for such a system
where we introduced the Hubble time as t Hub. ≃ 10 Gyr. This shows that the mechanism of self-induced thickening of stellar disc investigated in So12 is too slow to be relevant per se for a Milky Way like galaxy. However, it has been suggested (e.g., Spitzer & Schwarzschild 1953; Wielen 1977; Lacey 1984; Binney & Lacey 1988; Jenkins 1992; Ida et al. 1993; Shiidsuka & Ida 1999; Hänninen & Flynn 2002; Aumer et al. 2016 ) that the joint evolution of a stellar disc and a population of forming and dissolving GMCs could be responsible for such thickening through local deflections. As already emphasised in Heyvaerts (2010); Chavanis (2012) , the Balescu-Lenard formalism may describe simultaneously multiple populations of various masses, while accounting by construction for transient spiral structures and non-local resonant encounters between dressed orbits. Let us emphasise that the resonant diffusion captured by the Balescu-Lenard equation is a different mechanism from the close encounters associated with the scattering mechanism from Spitzer & Schwarzschild (1953) . 6 We now briefly discuss how the joint evolution of a population of stars and GMCs could lead to a global thickening of the disc on a much shorter timescale.
One can write the Balescu-Lenard equation for a system with multiple components (corresponding to say, stars and GMCs, of different mass). The different components will be indexed by the letters "a" and "b". The particles of the component "a" have a mass µa and follow the DF F a . Each DF F a is normalised such that dxdvF a = M a tot , where M a tot is the total active mass of the component "a". The evolution of each DF is given by
In the multi-component case, the susceptibility coefficients are still Figure 16 . Illustration of the initial contours of ∂F Z /∂t| t=0 using the same conventions as in figure 13 , when considering a secular collisionless forcing by a series of bar as in equation (130) given by equation (13). However, now the response matrix encompasses all the active components of the system, so that
(134) Introducing drift and diffusion coefficients, equation (133) may be rewritten under the form both depend on the location J1 in action-space, the considered resonance m1 and the component "b" which is used as the underlying DF to estimate them. Indeed, the drift coefficients are generically given by
while the diffusion coefficients read
(137) One should pay attention to the fact that the drift and diffusion coefficients from equations (136) and (137) do not have the same dimensions as the mono-component ones introduced in equations (15) and (16). One can finally rewrite equation (135) as (138), the drift coefficients are multiplied by the mass µa of the considered component. This essentially captures the known process of segregation, when a spectrum of masses is involved. This can be seen for instance by seeking asymptotic stationary solutions to equation (138) by nulling the curly brace on the r.h.s., leading to the multi-component Boltzmann distribution.
Let us now emphasise some properties of the multi-component Balescu-Lenard equation (138) when considering the joint evolution of stars and GMCs in a stellar disc. Let us assume that the disc contains a total mass M ⋆ tot of N⋆ stars of individual mass µ⋆, described by the DF F ⋆ . In addition, the system contains a total mass M G tot of NG GMCs of individual mass µG described by the DF F G . For simplicity, it will also be assumed that the stars and the GMCs are distributed according to a similar distribution (keeping in mind that in reality the GMCs are typically colder). Therefore, because of their normalisation, one has the relation
One may then estimate the total drift and diffusion coefficients from equation (139) which take the form
where we introduced the dimensionless quantities αA and αD as
Thanks to equation (138), the evolution equation for the stars' distribution becomes
where the dependences w.r.t. J1 have not been written out to simplify the notations. In equation (143), the case without GMCs can be recovered by assuming αA = αD = 0. Murray (2011) 
7 A more involved modelling would also account for the expected secular variability of these populations, due to the exponential decay in the system's star formation throughout cosmic times and the rapid disappearance of GMCs.
Using the fact that αA ≪ 1 and αD ≫ 1, equation (143) becomes
The presence of the GMCs therefore tends to boost the diffusion coefficients both in absolute terms and w.r.t. the drift ones. Since αD ≫ 1, the GMCs will act as a catalyst and will significantly hasten the diffusion of the stars and therefore the thickening of the disc. The multi-component Balescu-Lenard formalism captures the secular effect of multiple resonant deflections of stars by GMCs: the lighter stellar population will drift towards the high altitude "atmosphere" (larger Jz), while the GMCs sink in. If this selective boost of the diffusion component w.r.t. the drift is directly translated into the diffusion timescale of secular thickening of the disc, one obtains
where ∆t⋆ corresponds to the timescale of the disc's spontaneous thickening when only stars are considered, while ∆tG+⋆ corresponds to the case where the joint evolution of the GMCs is taken into account. The presence of the GMCs, which are less numerous but more massive than the stars, can therefore significantly alter how stars diffuse compared to the case where they diffuse alone. Let us emphasise that these considerations are generic and independent from the thickened WKB approximation presented in the previous sections. When applied to equation (132), the timescale boost from equation (147) immediately translates to
where ∆tMW+G corresponds to the timescale of thickening of a Milky Way like galaxy when the joint evolution of the GMCs is also taken into account. Equation (148) emphasises how the presence of GMCs tends to significantly hasten the secular thickening of stellar discs induced by discrete resonant encounters. However, despite this diffusion boost, the secular broadening mechanism described previously still appears as too slow compared to the typical lifetime of a Milky Way like galaxy. The previous analysis therefore tends to show that the self-induced collisional mechanism of secular thickening sourced by finite−N fluctuations, captured by the BalescuLenard equation (12), and numerically studied in So12, even when accounting for the diffusion acceleration due to the presence of the more massive and less numerous GMCs, is not sufficiently rapid to lead to a significant secular thickening of a Milky Way like stellar disc on a Hubble time. Aumer et al. (2016) reached a similar conclusion on the efficiency of the GMCs heating to thicken stellar discs when studying the quiescent growth of isolated galactics discs in numerical simulations. One could finally perform the same calculations to determine the typical timescale of appearance of the radial ridge observed in Sellwood (2012) . There, the radial ridge in the (J φ , Jr)−plane appears after a time ∆t radial S12 = 1500 for N = 5×10 7 particles. The associated rescaled time of diffusion is then given by ∆τ radial = 3×10 −5 . Relying on the physical units from equation (131), for a Milky Way-like galaxy, the radial ridge would appear after a time ∆t radial MW = 10 3 t Hub. , when only the stars are considered. We showed in equation (147) that the simultaneous presence of the GMCs would hasten the system's diffusion and would therefore lead to an appearance of the radial ridge on a timescale of the order ∆t radial MW+G ≃ ∆t radial MW /(10 3 ) ≃ t Hub. . As a consequence, while we showed in equation (148) that the presence of the GMCs would still not allow for the appearance of a vertical ridge on the typical lifetime of a Milky Way like galaxy, such a self-induced diffusion mechanism would be fast enough to induce a radial ridge in the galaxy's DF. This could lead for example to a signature in the Milky Way's DF, soon probed by the GAIA spacecraft.
CONCLUSION
The thickening of thin and thick galactic discs is the topic of very active research (e.g., Minchev et al. 2015; Grand et al. 2016) . In this context, two equations describing the orbital diffusion of a selfgravitating system were investigated: the collisionless evolution induced by external stochastic perturbations or the spontaneous collisional evolution described by the inhomogeneous Balescu-Lenard equation. These diffusion equations were applied to a thickened tepid galactic disc. Relying on the epicyclic approximation, their thick WKB limits were found while assuming that only radially tightly wound transient spirals are sustained by the disc. An ad hoc uniform cavity was assumed in particular in order to solve Poisson's equation in a closed form. This yielded equation (83), a simple double quadrature for the collisionless diffusion coefficients, and equations (101) and (102) for the collisional drift and diffusion coefficients (and equations (136) and (137) for the multicomponent counterparts), providing a straightforward understanding of the positions of maximum orbital diffusion within the disc. A scale-height dependent thick disc Toomre parameter was also derived correspondingly.
When applied to a shot noise perturbed tepid Toomre-stable tapered thick disc, these formalisms predict the formation of vertical ridges of resonant orbits towards larger vertical actions, in qualitative agreement with the vertical ridges identified numerically by Solway et al. (2012) via direct N −body simulations. This extends the findings of Binney & Lacey (1988) to the self-gravitating case, as in the present work we treat in a coherent manner the dressing of the perturbations, the associated spiral response and the induced thickening. Potential fluctuations within the disc statistically induce a vertical bending of a subset of resonant orbits, triggering the corresponding increase in vertical velocity dispersion. Such a process provides a possible mechanism allowing for galactic discs to thicken on secular timescales, either perturbed by their own Poisson shot noise or, e.g., by a set of dynamically dragged bars, or catalised by the joint evolution of GMCs. In the case of decaying bars, we have shown that, as expected, the diffusion is strongest at resonances and tightest when the rate of change of the pattern is slowest. When considering the collisional effects of GMCs, we showed that such a mechanism is not sufficiently fast to lead to a significant secular thickening of a Milky Way like galaxy on a Hubble time (see D'Onghia et al. (2013) and references therein for the effects of GMCs on spiral activity). Determining which of these processes are the dominant ones depends on the relative amplitude of the various external and internal potential fluctuations sourcing the diffusion coefficients. The amplitude of the former will have to be quantified on simulations. Both should have a clear signature in vertical metallicity gradients to be quantified by GAIA, consistent with radial churning (Sellwood & Binney 2002 ) and migration.
It should be emphasised that various approximations were made in order to reach these conclusions:
• we relied on the epicyclic approximation and the plane parallel Schwarzschild approximation to build an integrable model for a tepid thickened disc.
• we approximated the edge of the disc with a sharp edge to solve Poisson's equation vertically.
• we relied on the WKB approximation to describe the radial component of spiral waves.
• when computing the susceptibility of the disc, we neglected the relative importance of vertical action gradients of the DF compared to radial ones.
• we also assumed when computing the susceptibility of the disc that the orbits are closed on resonance.
• when considering the dressed collisionless diffusion, we assumed some partially ad hoc external source of perturbations to describe shot noise or sequences of slowing down bars.
One should keep in mind that the WKB approximation significantly underestimates the amplitude of the resonant ridges (but less so for thin rather than razor-thin disc, given the increased Q number), as it cannot account for swing amplification (Goldreich & Lynden-Bell 1965; Julian & Toomre 1966; Toomre 1981) , the strong self-gravitating amplification of unwinding perturbations.
Beyond the scope of this paper, it would be worthwhile to implement anharmonic corrections in the vertical oscillation to better account for the stiffness of the vertical potential. As emphasised here, one should eventually not restrict one's description to WKB waves as they do not capture swing amplification which boosts the amplitude of the diffusion coefficients, and narrows the ridge. One would then solve the exact field equations without assuming separability and deal with a full response matrix while considering both secular processes (dressed collisionless Fokker-Planck and Balescu-Lenard) simultaneously. While it was clearly already a numerical challenge in the 2D case presented in Fouvry et al. (2015c) , its implementation in 3D is all the more difficult that we do not have angle-action coordinates for thick discs beyond the epicyclic approximation. One would have to resort to constructions such as the torus machine to first build perturbatively a mapping of action space from an integrable model to the non integrable one via fits of generating functions (Kaasalainen & Binney 1994a,b) . Should chaos around regular islands become important, one could resort to the dual stochastic Langevin formulation (see Fouvry et al. 2017) and account for the corresponding induced chaotic diffusion. Finally, evolving forward in time a diffusion equation such as the Balescu-Lenard equation still remains a challenging numerical problem, in particular because of the self-consistency requirement. Indeed, as the diffusion occurs, i.e. as the system's orbital structure gets distorted, the system's drift and diffusion coefficients have to be recomputed in order to account for the new system's DF. One possibility to integrate in time such an equation is to resort to its associated stochastic Langevin rewriting (Fouvry et al. 2017) , which describes the stochastic dynamics of one test star instead of the diffusion of the system's whole DF. The choice of barlike correlation in equation (130) would also need to be revisited in view of statistical measurements of bar formation and dissolution in cosmological simulations. More generally, it would be useful to quantify the statistics of cosmic noise at the disc length scale, extending the work of Aubert & Pichon (2007) , which focused on the virial radius. Such formalisms could also give some insight on the thickening of debris protoplanetary or galacto-centric discs in the quasi-Keplerian regime (Fouvry et al. 2017) . Figure B1 . Illustration of the behaviours of the functions s → F (s, χ) and s → G(s, χ) (black curves), for a given value χ = 1, along with their approximations from equation (B3) (grey lines). One should note the diverging branches of these functions in the neighbourhood of integers. However, these functions are well defined when evaluated for integer values of s, provided that one considers lim η→0 Re[F (n+iη, χ)] (similarly for G), as illustrated with the black dots.
where fr and gr do not depend on s ℓz . This is illustrated in figure B1. When evaluating the response matrix to compute the collisionless diffusion coefficients from equation (3) or the collisional dressed susceptibility coefficients from equation (13), one has to consider ω to be at resonance so that ω = m·Ω. In that situation,
Therefore, the value of s ℓz is either an integer (for ℓz = mz) or far from one, provided that ν/κ is of high rational order. This justifies the approximations from equation (B3). One may then cut the sum on ℓz defining Mpq in equation (B1) according to the resulting powers of ℓz. In order to prove that for p = q, one has Mpq ≪ Mpp, one is left to prove that
where the power index γ is such that γ ∈ {0, 1, 2}. To further dedimensionalise the problem, let us define the typical dynamical height of the disc d = σz/ν and introduce the dimensionless quantities ℓp, ℓq and ℓr as
so that the expression (B2) of K As illustrated in figure 4 , the quantisation of the vertical frequencies implies that the fundamental symmetric mode plays a different role than all the other quantised frequencies (both symmetric and antisymmetric), since it is the only frequency inferior to π/(2h).
In order to emphasise this specific role, let us renumber, in this Appendix only, the indices p, such that p = 0 corresponds to the fundamental symmetric mode, while p ≥ 1 corresponds to the other quantised frequencies superior to π/(2h). With such a choice, the numbering of the antisymmetric basis elements only starts at p = 1. As shown in figure 4 , one has the inequalities
Finally note that in the infinitely thin limit, equation ( 
As illustrated in figure B2 , one must determine which approximation (polynomial or exponential) is relevant for a given value of n and x. Therefore, for each n ≥ 0, let us introduce xn, such that for x ≤ xn (resp. x ≥ xn), one uses the asymptotic development from equation (B10) in 0 (resp. +∞). In the expression (B7) of the matrix coefficients, notice that the Bessel function is only evaluated in ℓpℓq, with p and q two integers. For p and q given, there exists an integer npq such that:
∀ℓz < npq, I ℓz (ℓpℓq) ≃ e 
Notice in figure B2 , that except for ℓz = 0, the exponential approximation is significantly bigger than the actual value of I ℓz . This for all ℓz. This is unfortunately not sufficient, and one must be more cautious, and cut the sum on ℓz in Sγ (p, q) from equation (B10), between three different contributions, for which one can directly show:
• For the first terms (with |ℓz| < npp and |ℓz| < npq):
pp .
• For the intermediate terms (with npp ≤ |ℓz| < npq):
• For the last terms (with |ℓz| ≥ npq):
This last relation holds when krh 0.03, but gets violated in the limit of a razor-thin disc, when q = 0. These comparisons are easy to obtain, and only require to use the appropriate approximations of the Bessel functions from equation (B10) for the two elements which are compared, and rely on the step distances between two consecutive basis elements from equation (B9). These inequalities show that, when krh 0.03, for all p and q, one has Mpq ≪ Mpp. The same result also holds for krh 0.03, but only when q = 0. We therefore reached the following conclusions:
• The antisymmetric response matrix can always be assumed to be diagonal.
• For krh 0.03, the symmetric response matrix can be assumed to be diagonal.
• For krh 0.03, i.e. in the limit of a razor-thin disc, the symmetric response matrix takes the form of an arrowhead matrix.
Finally, let us now justify why for a sufficiently thin disc, for which the symmetric response matrix takes the form of an arrowhead matrix, the diagonal response matrix case is recovered. In this limit, the symmetric response matrix takes the form one considers the case i = 0, one has to study the i th term of equation (B19) which takes the form
In this calculation, equation (B18) was used to show that for i = 0, one has
≃ 1. As a consequence, for i = 0, the eigenvector xi is dominated by its i th coefficient and can therefore be assumed to be proportional to (0; ..; 1; 0; ...), where the non-zero index is as the i th position. Consequently, we may assume that the response matrix eigenvectors remain close to the natural basis elements. As a conclusion, even in the limit of a razor-thin disc, the arrowhead symmetric response matrix from equation (B12) may still be assumed to be diagonal. This justifies the generic use of the diagonal amplification eigenvalues in equation (47), when computing the diffusion coefficients.
where for a thin disc, the quantised kz will therefore tend to berecover the razor-thin results obtained in FPC15. As illustrated in
